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ABSTRACT. Let G be a connected, simply connected real Lie group and let U be a
representation of G in a complete, locally convex, topological vector space 7. If G is
solvable, it can be canonically embedded in its complexification G.. A vector v € T is said
to be entire for U if the map g = U, v of G into T is holomorphically extendible to G.. The
space of entire vectors is an invariant subspace of the space of analytic vectors. U is said
to be holomorphically extendible iff the space of entire vectors is dense.

In this paper we consider the question of existence of holomorphic extensions
We prove

Theorem. A unitary representation U is holomorphically extendible to Gc iff
G modulo the kernel of U is type R in the sense of Auslander-Moore [1].

In the process of proving the above results, we develop several interesting
characterizations of entire vectors which generalize work of Goodman for solvable
Lie groups and we prove a conjecture of Nelson concerning the relationship between
infinitesimal representations of Lie algebras and representations of the corresponding
Lie groups.

Introduction. Let G be a connected, simply connected (c.s.c.) real solvable Lie
group with Lie algebra £. Let £, denote the complexification of £ and let G, be
the corresponding c.s.c. complex Lie group. From the solvability of G, G is
canonically imbeddable as a closed subgroup of G. If f: G = T is a mapping of
G into a complete locally convex topological vector space 7, we will say that fis
holomorphically extendible to G, if there is a continuous mapping £: G, = T
which extends f such that the map z — {£(z), w) is a holomorphic map of G, into
C for all w € T’ (the space of continuous linear maps of 7 into C). It can be
shown that in this case the map f is a differentiable map of G, into 7 in the sense
that lim,_o(f(z exp tX) — f(z))/t exists for all X € £, and z € G, and defines
a continuous function of z. (See §111.8 of Grothendieck [5] for details.)

If U is a strongly continuous representation of G in 7 by continuous operators,
we define, following Goodman [2], F&(U) (which we also denote by 4 when
sufficiently clear) to be the space of vectors v € T for which the map g — Uv
of G into T is holomorphically extendible to G,. JHg is an invariant subspace of
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T and the restriction of U to J is extendible to an analytic representation of G,
in Hg. When J is dense in T we shall say that U has an analytic extension and
we will call the extension of the part of U in J the analytic extension of U. We
shall denote it by U° or simply U when clear.

In this paper we are interested in obtaining conditions under which the
analytic extensions exist. The structure of the paper is as follows:

In §I we develop several infinitesimal characterizations of entire vectors which
generalize results of Goodman [3] in the nilpotent-unitary case and of Nelson [8]
in the analytic vector case. We also remark that there is a simple proof of a
conjecture of Nelson concerning the relationship of infinitesimal representations
of Lie algebras and representations of the corresponding Lie groups.

In §II, we give a complete characterization of those unitary representations
which have analytic extensions. We also obtain sufficient conditions for a general
representation to have entire vectors. These conditions imply, in particular, that
every Banach space representation of a type R solvable Lie group has a dense set
of entire vectors. Our methods are analogous to those used by Robert Moore for
analytic vectors [7).

0. Notation. Throughout the rest of this paper we shall assume that the notation
established above (e.g., G, T, T’, £, etc.) remains in force. In addition, if K is a
Lie group, .AK) will denote its Lie algebra.

N will denote the natural numbers.

If a, ..., a, are elements of some associative algebra and (n;,...,n,) = n
€ NP, then (a,...,a,)" = af' -+ a. We adopt the usual conventions concern-

ing multi-indices—e.g. n! = n,! . Linl =3 n, etc.
We define C"(U) to be the space of vectors v in 7 such that g —» U(g)vis a
C" map of G into 7and C®(U) = NZ,C"(U). Forv € CY(U),and X € £,

define dU(X v = lim,_o(U(exp tX v — v)/t.
f X=0X,...,X,) € LXLX---X L we set 3UX)=0UX),...,
oU(X,)).

I. Infinitesimal characterizations. Let X = (X}, ...,X,) be an ordered Jordan
Holder basis for £, (Recall that an ordered basis (X,, ...,X;) is an ordered
Jordan Holder basis for £ if [X;, X;,;] =0mod {X,,,,***, X, }. Every solvable Lie
algebra has such a basis.)

We have the following characterization of entire vectors.

Proposition. (L1). v € C™(U) is an entire vector for U iff the family of sets
S,, = {(U(X)/n)tmvln € N? } is bounded for all t > 0.

Proof. Since {X;,iX,, X,,iX3,...,X;,iX,;} is a Jordan Hélder basis for £, the
map (z;,...,2;) = exp z; X, - - - exp z,X,; of C¢into G, provides global holomor-
phic coordinates for G,.

If v is entire for U and if w € T, it follows from the Cauchy estimates for
(z1,...,24) > {U(exp 2, X; - - - exp z, X, )v,w) that {S,,,w) is bounded for all
t > 0. Thus, S,, is weakly, and hence strongly, bounded.
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Conversely, suppose S, is bounded for all #+ > 0. Consider, for z € C¢ the
series
#2) = D SaUX) .
neN? n:
(Recall X = (X, ...,X;).) By standard power series estimates, ¢(z) is Cauchy in

any continuous seminorm on 7 and hence converges in 7 and defines a
holomorphic map of C? into 7. We claim that for ¢t = (,,...,#;) € R,

oty .. .,25) = Ulexp 4,X,)U(exp ,X3) - - - U(exp 1,X,)v.

Ifty =1 =--- = t; =0, this follows from Taylor’s theorem, for let w € T’.
Then

(U(exp 1 X, v, w) — 2<8U(x, >

(M

S)

= J;" <vtexp sx)pu0R)< 0wy 0T s,

The integrand is bounded independently of K. In fact, if ¥ € T’, the family of
linear functionals u o U(exp SX;) as S ranges from 0 to ¢, is pointwise (o(E’, E))
bounded and hence strongly (B(E’, E)) bounded. Thus if B is any bounded set,
Up<s<:U(exp SX)B is weakly, and hence strongly, bounded. Applying this
reasoning with B = {dU(X,)"/n! (24,)"v | n € N}, we see

S)"

|f {U(exp SX)dU(X,)**'y, >(t‘ ds

(f ;-K}-If (t, — S)Xds = Mo (k+n.

Thus (1) above converges to zero and ¢(;,0,...,0) = U(exp 4 X;)v. The same
reasoning applies to the vector dU(X,)™ ---0U(Xy)"“v (n; fixed). Thus if X
= (Xz, cee ’Xd) andt = (tl’ .o "td) (S Rd, then

@y = S SQUXY W
- £3 —'ll—(aU(X,)”aU(X)"u,w)
n-v o n!

- AEN4! (_)i <U(exP t'X')aU(X) . w>
= 3@

where ’ denotes adjoint. Continuing by induction we see that

{p(),w) = {U(exp 4, X )U(exp £, X,) - - - U(exp 1, X, ), w),

<9U(X )'v, U'(exp 1X,)(w))
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ie.
¢(t) = U(exp h A,l * e eXp thd)v. Q.E.D.

Remark. In the above proof we used only that the “matrix elements”
g = {U(g)v, w) were holomorphically extendible to G,. Also, we concluded that
g — U(g)v was expandible, in terms of our global coordinates, in a convergent
power series about 0. Hence we have

Corollary (I.2). The following are equivalent: .

(a) v is entire;

(b) g = (U, v,w) is holomorphically extendible to G, for all w € T’;

(c) g = v is expandible in terms of global coordinates in an absolutely
convergent power series.

Entire vectors satisfy a seemingly stronger property than that of (I.1).
Theorem (1.3).Let <R be a finite subset of L. If v € Hg, then for all t > 0 the set

Ry = ﬂ—'l—;,'ﬁ‘w"u, = dU(R,),R, € RK € N}

is bounded in 7.

The proof is a counting argument utilizing the commutators of the A4, The
main algebraic step is contained in the following lemma.

Let o4 be an associative algebra. If X and U are subsets of 4, let X" denote
the set of products of 7 elements from X and let (%X, Y )™ denote the set of products’
of n + m elements from X U Y, n of which come from 2 and m of which come
from Y. For y € o4, let ad y: o# = o# be the map'ad y(x) = xy — yx.

Lemma 1. If X and Y are subsets of A, then every a € (X, Y)™" is expressible
in the form a = X g ax where each ay is a sum of at most nX (%) terms of the form

@) M Ymexlady ---ad yK.(xl ) [ad Y+ c-ad )’K,(xz)]
---[ad Yk *°cad Yx(x,)]

where y; and y; € Y, x; € X and where 0 < K, < K, < --- < K,y < K. (If

K; = Kj.1, then we take ad yy, -+ -ad yk,,(x;+1) = X4\ We treat the cases
K, = 0 and K,_, = K similarly.)

Proof. Let Z(n, m, K) be the set of terms of the form of (2) above union the set {0}.
The lemma asserts that (X Y)™™ C J%w0o m"(;)Z(n, m,K). The relations
Z(n,0,0) = X" and Z(0,m,0) = Y™ imply that the lemma is true if either
m = 0 or n = 0. Assume that the lemma is false and let (n, m) be the smallest
pair of integers for which it is false relative to the ordering (a,b) < (c,d) iff
a<c and b <d Note that n >0 and m > 0. Let a € (X Y)™™ . Either
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a = d'x where x € Xand @ € (X, Y)" "™ or a = a’y where @’ € (% Y)"™!
and y € . In the first case, the relation Z(n — 1,m,K) - X C Z(n,m,K) and
the inductive hypothesis imply that the lemma is true for a. In the second case,
the relation Z(n,m — 1,K) -y C nZ(n,m,K + 1) + Z(n,m,K) (which follows
easily from the identity vyvy -4y = Sl vy --ad YY) -y + v -0 y)
and the inductive hypothesis imply that

m

m-1 — m-1 -
ae'’S n"(m ')nz(n,m,K+ D+ 'S n'f( l)z(n,m,K).
K=0 K £ K

Regrouping and using the identity

m-—1 m-—1 m
(x21)+ (") = (%)
we see that the lemma is true for a. This contradiction proves the lemma.
Q.E.D.

For the next lemma, let € be a vector space and let p be a Minkowski
functional on ¢ corresponding to a balanced but not necessarily absorbing
convex set (i.e. u satisfies p(x + y) < p(x) + u(y) and p(ay) = |aju(y)but p may
assume infinite values). Let o# be an algebra of linear operators on € and let oV
be a finite dimensional vector subspace of o# with ordered basis X = (x,...,
xz). Let Y be a finite subset of o for which ady leaves =V invariant fory € 4.
Then

Lemma 2. If v € Cis such that
3) {'% . %(v)t"*’” | x € X",y € Y",n,m € N}

is bounded in u for all t >0, then {(a/K)(w)tX|a € (Y)X,K € N} is
bounded in p for all t > 0.

Proof. Let a € (X U Y). Then a € (X, Y)™" for some n,m € N, n+ m
= j. Write a = X k.o ax where the ag are as in Lemma 1. We estimate p(ax(v))
by estimating terms of the form of (2) above. In particular, following Goodman
[2], we put on <V the norm |3, ¢;x;| = S, |¢;|. Since <Vis finite dimensional,
ad y, y € Y,defines a bounded linear transform (with respect to ||) of <Vinto
itself. Let M be a common bound for these transforms.

Also, it is easily shown that if m, ..., n, € Vand a € A,then

wam ++ - ng@)) < |-+ |ng| Sup, Max(v)).

Thus, if b is any term of the form of (2) above, ¢t > r > 0and C,is a bound on
the set (3) above, then
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pbw)) < M¥ sup p(yi « Y- x(v))
XEX
<ME  su ( v ¢~+(m—K)) o ¢~ m=KNpl (m — K)!
- .ve‘y""ﬂesx (m—K)tn '( ) ( )
< MKC,t7"r-m=-K)pt (m — K)!.
Thus,
wa@)) < Eo wag(v))

m
<3 n"(’l:)M"C,t"’r‘('""‘)n!(m - K)

K=o
® (nMr)X
S<Ct™"r™n'm! 3
= i K!

= C(te ™) r™n!m!

< C(eM/t + 1frytmammy

2\
= —_— i
C‘(re”’ + t) S

This implies the lemma since 2rt/(re” + ) can be made arbitrarily large.

To prove (I.3) let p be a Minkowski functional based on a not necessarily
absorbing convex set in T. We shall show that if the S,, of (I.1) are bounded in
p for all ¢ > 0, then the <£,, are also bounded in p. If dim G = 1, this is clear,
so suppose d = dim G > 1 and the above assertion is true for all groups of lower
dimensions and all such p.

Fors > 0and w € C®(U), define

u,(W)—suxJ p( (X')n )

B, is a Minkowski functional and, letting X = (X;,...,X,), {QU(X)"/n)uth! | n
€ N1} is bounded in p,. Since (X,...,X;) is a Jordan Hoélder basis,
span{X,,...,X,} is an ideal in £. It follows then from the inductive hypothesis
that if X = {dU(X;),...,0U(X,)}, then {u,((4(v)/n!)t")| A € X",n € N} is
bounded—i.e.

Q)" 4G)

Y | m,n € N,A € 9("}

is p bounded. It now follows from Lemma 2 that (1.2) is true with =R
= {X;,...,X;}. (1.2) for general R follows easily from this. Q.E.D.

As corollaries to the above proof we have the following facts, all due to
Goodman in the nilpotent case. Our proofs are inspired by Goodman’s.
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Corollary (1.4.) Let U be a unitary representation of G in a Hilbert space H. If G
is a product of two analytic subgroups K and N with N normal then v is entire for U
if (and only if) v is entire for U |y and U |.

Proof. Let Y and X be, respectively, bases for AK) and L(N). Let iy = 3U(Y)
and & = 9U(X), considered as sets of operators on € = C®(U). Let <4 be the
algebra they generate and let p be the seminorm |(,v)|. If y € " and x € X™,
n, m € N, then from the unitarity of U, y* € 4" and

W2 nmm) =

By (I.3) this is bounded independently of m and n. Thus, by Lemma 2 above, for
all ¢ > 0 there is a constant C, > 0 such that if a € (X U U)¥, then w(a(v))
< C,K'tX Hence, if a € (X U U)X, then

< .

Lo

(ZwmZew)

= @)

173X Q2K)! C, 2 pa*a()) = lla@)IP.
The entirety of v follows from (1.2). Q.E.D.

Corollary (I5). If U is as in Corollary (1.4) then v is entire for U iff v is entire for
each of the representations t — U(exp tX;),i = 1, ..., d, where (X;,...,X;) is an
ordered Jordan Holder basis.

Proof. Follows by induction from Corollary (1.4).

Corollary (L6). If U is as in Corollary (1.4), then v is entire for U iff g = (Uyv,v)
is holomorphically extendible to G,.

Proof. Reasoning as in the “only if” part of (I.1), it is easily seen that for
X € Lt>0{(QUX)"/n)@)" | n € N} is bounded in the seminorm |(:,v)|.
Hence, as in the proof of Corollary (1.5), v is entire for 1 = U(exp £X ) from (L.1).
Since X was arbitrary, the conclusion follows from Corollary (I1.5). Q.E.D.

Remark (I.7). The conclusion of (I.3), since it requires neither the simple-
connectedness nor solvability of G, is usually taken as the definition of entirety
of v. We shall henceforth assume (1.3) as the definition of entirety. Note, however,
that by lifting to the universal covering group, one may assume simple-
connectedness without loss of generality.

Note, also, that (I.3) establishes that entire vectors are a type of analytic vector
(see Nelson [8]). In fact, if in (I.3), <R = {X],..., X} is any basis of £, then the
analytic vectors for U are the set of v such that £, is bounded for some ¢ > 0.
As Nelson noted, this definition depends only on the representation of £ given
by X — 9U(X) and not on U.

In [8], Nelson showed that a representation p of a Lie algebra ® by a family
of partially defined skew symmetric operators in a Hilbert space Jf having a
common, dense, invariant domain is the restriction of the differential of a unitary
representation of the corresponding c.s.c. Lie group G iff there is a ¢ > 0 such
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that the space of vectors v for which <£,, is bounded (denoted ) is dense in SH.
Nelson remarked that it was unknown if it is sufficient to assume only that the
space of analytic vectors is dense. We remark that it is indeed sufficient.

In fact, let X = (X;,...,X;) be a basis for & and let @ C R? be an open
neighborhood of 0 for which the map ¢(#,...,2;) > exp 1, X; -+ -exp 1, X; is a
homeomorphism of @ onto an open subset @ in G,. In [8] Nelson showed that
under the assumption of density of the analytic vectors the p(Y) are essentially
skew-adjoint for Y € @&. Hence for t € R we may form the operator exp tp(Y)
which is unitary by Stone’s theorem, and hence we may define a mapping U of
€’ into unitary operators via

exp 1, X; « -+ exp t;X; > exp #p(X;) - - - exp 1,0(X,)

fort = (4,...,1;) € Q.If U can be shown to be a local representation of &, it
will follow as in Nelson that U is extendible to a unitary representation of G,
whose differential extends p. Now let v be an analytic vector for p, say v € H.
It is easily seen that ¢, = span{p(¥)---p(Y¥x)v | ¥; € LK € N}is a p invari-
ant subspace of 4, for any s < 1. Let &, = &, and let p be the representation of
@ defined by p(X) = p(X) |,, considered as a partially defined operation on ¥,
By Nelson’s theorem the map

exp 41X, ..., exp 1,X; > exp 4,p(X;) - - - exp 1,5(X,)

fort = (4,...,1;) € Q defines a local representation U of €' in %, Hence, to
prove that U is a local representation, it suffices to show that the restriction of U
to ¥ is equal to U for all v € S, But, if w € &, it can be shown via the
reasoning of Theorem (I.1) that U(¢(f))w and U(¢(f))w are both given by the
same power series for ¢ close enough to zero (independently of w). Since ¢, is
dense in 4, our remark is proven.

It should be noted that it now follows from the converse of Nelson’s theorem
that & is in fact dense for some ¢ > 0.

Example (I.8). Let G4 be the two dimensional Lie group with Lie algebra
spanned by X and Y satisfying [X, Y] = a, Y. It is well known that every infinite
dimensional irreducible unitary representation of G4 is realizable in I?(R) in
such a way that 3U(X) = 9/9¢ and dU(Y) = iAe™)\ and o, some real constant.
We remark for the purposes of Example (1.9) that for every A and ay # 0 in R
there is such a representation. Goodman showed that no such representation
could have nonzero entire vectors. From this, he was able to show, among other
things, that no locally injective representation of G4 could have entire vectors.
See [2] for this.

Example (1.9). Let a = ay + ;i € C and let G* be the group structure on
C X R defined by (c,7) * (c’,r’) = (c + €”c’,r + r’). G*is a solvable, connected,
simply connected Lie group. Let A be a nonzero complex number. Let U be the,
representation of G* in I?(R) given by
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U2,f () = exp i Re(Ae™c) f(r + 1).

It can be shown via Mackey’s theory of induced representations that for
Re a # 0, U? is irreducible and every irreducible representation of G is of this
form. The Lie algebra of G is isomorphic to C Xg R with the commutation rule
[(e,r), (c’sr")] = [alcr’ — rc’,0)].Let ¥, =(i,0), ¥, = (1,0) and X = (0, 1). Then

UK)f(1) = —i ImAe™) f(2), U(YK) = i Re(Ae™)f(2)
and

UM f(1) = (3/30) f ().

We claim U? has no nonzero entire vectors. Suppose f is entire for U>. Let

Y = VoU(X%)? + dU(%)? = i|Ae™| = i|Ale".
From the inequalities (n!)?> > 27"(2n)! and ||Y"f|? < |Ifll |Y*'f]l, we see

n " 2 n (21)2:1
(i) < 2w S

S 2n
<27 3,z )tovanyaucs e S0,

Since 27" F ko (") = 1, this is bounded by (1.3).

Also, by (1.1), ﬁ|(a/ 01)"fll¢"/n'} is bounded for all ¢+ > 0. Hence, by (I.5) and
(1.1), f is entire for the representation of G# considered in Example (I.8). Hence,
by Goodman’s result, f = 0.

It follows from this, as in Goodman [2], that no locally injective representation
of G% Re a # 0, can have nonzero entire vectors.

If Re a = 0, every unitary representation of G* has a dense set of entire
vectors. This will follow from the general theory of §II.

IL. In this section U will be a representation of G in a Hilbert space <#. Recall
that G is said to be class R iff the eigenvalues of ad X for X € £ are all pure
imaginary.

Proposition (I1.1). If U has a holomorphic extension, then G modulo the kernel of
U is class R.

Proof. If K is the connected component of the identity of the kernel of U, U
induces a representation of G/K and clearly this representation has a holomor-
phic extension iff U does. Therefore, we may assume that U is locally injective.
Then, by Examples (I1.8) and (I1.9), G can contain no analytic subgroups
isomorphic to G* (Re a' # 0) or G4. This implies that £ is class R for if not,
there is an X € £ and a Y € £, for which [X,Y] = aY where a € C,
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Rea #0.If Y = ¥ +iY and [¥, ;] = O, then {X, ¥, ¥;} span a Lie algebra
isomorphic to that of G which is a contradiction. Hence [¥, ¥;] # 0. But then
[X.[¥, B]] = [[X, ¥], %] + [%,[X, ]l = 2 Re o[ ¥, ¥;]. Hence {x.[Y, %]} span
a Lie algebra isomorphic to G# which is a contradiction. Q.E.D.

The converse of (II.1) is true, but the proof is more involved. We begin by
considering the 17 left regular representation of G. We will call entire vectors for
this representation I? entire vectors. We will denote the L? left regular represen-
tation by LS.

Recall that a real Lie algebra £ is said to be semisimply split by a semidirect
product decomposition £ = T + oV (=V an ideal) provided =V is nilpotent, 7 is
abelian and ad 7| oV is a semisimple family of linear transforms (i.e. there is a
basis of <V, consisting of eigenvectors of the operators ad 7| <V. A semidirect
product decomposition of G, G = T - N, semisimply splits G provided the
corresponding decomposition of £ semisimply splits Z.

Lemma 1. If G is class R and G = T - N is a semisimple splitting of G, then
Ha(LC) is dense in I*(G). In fact, if f € H(LT) and g € HE(LV), then
S ®g € HI(LC) where f® g is the function f® g(tn) = f(1)g(n) for t € T,
n € N.

Proof. From the solvability of G, G, = T, - N.. Let f and g be as above. Since
fors,t € Tands,,n € N,

m LS (sy52)f ® g(tn) = (LT(5))f) ® (L¥(t7" sy 5,57 )g) (tn)

we may formally define an analytic extension of L% at f ® g via L9(z,z,) f ® g(tn)
= (LT(z)f) ® L¥(t7'z, 2,z )g(tn) for z; € T, z, € N.. We need to show that
this remains in L2 This follows from the fact that the adjoint action of T on N,
has relatively compact orbits, and hence ||L¥(t7'z,z,z;'t)g|, is a uniformly
bounded function of . The relative compactness follows from the class R
assumption for if X;, ..., X, is a basis of N, consisting of eigenvectors for
ad T | A, then, for Y € T, ¢; € C,

exp Y-exp(a X+ -+ + ¢, X,) - exp =Y = exp(c; X, + + -+ + c,e™X,),

where ad Y(X;) = ia; X, a; real. The required analyticity follows by an applica-
tion of Morera’s theorem and the verifiable fact that orbits of compact sets of N,
under the adjoint action of T on N, are relatively compact.

Hence, to conclude our proof, we need only show that T and N have dense sets
of 12 entire vectors. However, since T and N are nilpotent, it follows from results
of Goodman [3, Corollary (5.5)] that the I? left regular representation of T and
N have dense sets of entire vectors. Q.E.D.

We are now in a position to prove the converse of (I1.1).

Theorem (IL.2) U has a holomorphic extension iff G modulo the kernel of U is
class R.
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Proof. If fis any L' entire vector for L%, then it follows by standard arguments
that w = f; f(g)U,vdg is entire for U, the analytic extension being given by
Uw = [ L% f(g)U,(v)dg. If G has a dense set of such f, then the linear span of
the set of such w is dense, as can be seen by the usual annihilator argument.
Hence, it suffices to show that G has a dense set of L' entire vectors. Since the
pointwise product of two I? entire vectors is an L' entire vector (there is an
obvious analytic extension) it suffices to consider LC.

To do so, we use the semisimple splitting of Auslander-Moore [1, p. 132]. In
particular, in [1] it was shown that G can be imbedded as a normal subgroup in
a connected, simply connected solvable, Lie group G, which can be semisimply
split by factors T and N (N normal). Furthermore Gy = T+ G and this
decomposition is semidirect. G, can be chosen to be class R for if £, is the Lie
algebra of G, the collection G of elements in £, with pure imaginary eigenvalues
is a subspace which contains [£y, £o] and hence is a Lie algebra. It is easily
shown that if 7 and =V are the Lie algebras of Tand N, then9 =9 N T+ NV
is a semisimple splitting of 9. Also 9 = T N 9 + L. Hence, taking G, to be
class R, we know, by Lemma 1,5 has an L2 dense set of entire vectors.

Now, since Gy = T - G, Haar measure on G, decomposes into a product of
Haar measure on T and G, and L?(G,) can be decomposed as a direct integral
of L2(G) over T with respect to Haar measure. If f € I*(G,) and ¢ € T, the tth
component of f is the map of G into C, f(g) = f(tg). This decomposition
decomposes L% | as @ L'dT(¢) where L'(g) = L°(t~'gt). By Goodman’s direct
integral theorem [3, Lemma 3.1] it follows that almost every L' must have dense
sets of entire vectors. It is easily shown that any entire vector for L' is entire for
LS. In fact HE(L') = H2(LC) forallt € T. Q.E.D.

Remark. The procedure for producing entire vectors described above can be
used to produce entire vectors having certain regularity properties. For example,
let | || be a left invariant Riemannian metric on G,. Suppose f and g are as in
Lemma 1. Suppose also that for all compact sets £ in T and x in N, there are
positive constants By, B’, Cx, C’, (B’ and C’ independent of € and x) such that

@) LIS < Baexp(—=B'|l¢I’) and |LYg(n)| < Cyexp(—C’|Inl?)
forzy € Q,z,Ex,ne N,t €T.

Then, from the above proof, it is easily seen that if A is a compact subset of
G, then there are positive constants 4, and A’ (4’ independent of A) such that
|L...f ® g(tn)] < Apexp(—A'||en|?).

In fact, if € and x are the projections of A in T, and N, respectively, and if x is

the closure of the orbit of Qx ! by T in N, (which is compact by the above
proof) then by (1) and (2) and the fact that ||| < ||¢]| + [|n]|

|L,..f ® g(tn)] < Bg(exp(—B'[1|})) - C exp(—C’Inl?)
< By Cy exp(—A'|ltn|?)
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where 4’ = iinf(B’, C’)and where zyz, € A,t € T,n € N.

From the proof of (I11.2), for a.e. t € T, the map x = (f® g)(tx) = (f® g)
(x) is, when restricted to G, entire for L'. Hence, from the decomposition of L%
as a direct integral of the L, ¢t € T (see (I1.2)) we see that for z € G,

LS)((f® g)) = L(tzt7")(f® g),)
= [LO%(tzt")(f ® g)], = LO(zt™')(f ® g).
Thus, if A is a compact subset of G, then for k € G, z € A,

IL°(2)(f @ g)) (k)| = [ L9+(zt=")(f @ g)(k)|
< Agnexp(-A'lIkIP).

Thus (f ® g), satisfies an estimate similar to (2) above.

Entire vectors satisfying (2) always exist for nilpotent groups. In fact, let N be
any c.s.c. nilpotent group and let V= £(N). Let {X;}, j=1,...,d, be an
ordered Jordan Holder basis for oV considered as elements of oV,.. For z € C, set
gj(z) = exp zX; € N,. For P € N4, P = (P,,...,B), let oA, be the space of
entire functions f on G, for which the function F(z,...,2;)
= f(exp 21 X; **-expz,X,) satisfies the hypothesis of Theorem (5.1) of [3], i.e.
there are positive constants A, B and C for which

|F@zy, o0z <Cexp{—A(2 IRe zjlpi) + B(E |Im z,lpi)}.

Goodman showed that there is a positive constant m such that if P, > Pym
for all K, then f € o4, implies that there are positive constants C;, 4, D, q such
that

f(giw)gi(n) -+ 84(t)) < G exP{“Al él le]® + Dlwl"}

forally, € R,w € C.
An obvious modification of Goodman’s proof shows that there are constants
Ay, B, G, D, q (independent of w and z;) such that

/(e )l < Gexp{Ai Z Re 517 + B S [1m 31 + Divl*}

forz, w € C.
It follows that 4, is invariant under complex left translations and that for

w=g(w)---gswy), w; € C,

[f(wgi(21) - 24(za)) £ C CXP{"A 2 [Re Ztl" +B3 |Im 2:"' +D3 |Wi|q}°
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If P, > 2, it follows that the restriction of f to G satisfies (2) above. (Note that

g (@) - ga()ll < gl + -+ + gl < o] + -+ + |24l Goodman
showed that 4, is a dense subset of L2(G).

Corollary (I1.3). Suppose U is as in the introduction and G is class R. Then if U
has a dense set of vectors v for which g — U,veMsl is bounded for some M < 0
(depending on v), then U has a dense set of entire vectors.

Proof. This follows as in Moore [7, Theorem 5,Chapter 6], where instead of the
family of functions f(z, -), we regularize with respect to entire vectors satisfying
(2) above.

Corollary. Every representation of G in a Banach space has a dense set of entire
vectors.

Proof. Banach space representations are known to satisfy the hypothesis of the
previous corollary with respect to every vector.

Remarks. The proof Moore’s theorem cited above is somewhat more complicat-
ed than required in our case as we can prove existence of the required integral
via a Riemannian sum since our representation is given as being continuous.

Our results on unitary representations admit a nice description in terms of the
Green kernel. (After Leon Green who, we are told, has studied this kernel
extensively.)

Definition. Let £ be a Lie algebra. The Green kernel of £ is the smallest ideal
K such that £/K is type R. If G is the connected, simply connected Lie group
corresponding to £, then the Green kernel of G is the analytic subgroup of G
corresponding to K.

Then (2.2) may be paraphrased as

Corollary (I1.4). A unitary representation U of a solvable Lie group has a dense
set of entire vectors iff U is the identity on the Green kernel. In any event, the closure
of the set of entire vectors is the space of vectors left invariant by the Green kernel.

This corollary solves completely the question of when unitary representations
of solvable Lie groups have entire vectors. However, as noted in Remark (1.7), the
concept of entire vector is definable for nonsolvable groups.

To consider the general problem, let G be a not necessarily solvable connected,
simply connected Lie group. By the Levi decomposition G is a semidirect product
of a semisimple group T and a normal solvable group S. If U is any locally
injective unitary representation of G which has a dense set of entire vectors, the
restriction of U to S has a dense set of entire vectors. Hence S is type R.
Similarly, by a theorem of Goodman (Goodman [2, Theorem 8.1]), T must be
compact.

Conversely, suppose G is a semidirect product of a compact semisimple group
T and a normal solvable type R group S. Since finite dimensional representations
have bounded differentials, every vector for such a representation is entire.
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Hence, by the Peter-Weyl theorem there is a dense set of L2 entire vectors for 7.
If fand g are L2 entire vectors for T and S respectively, it follows as in Lemma
1 above that f ® g is entire for LS | S. It follows from formula (1) that f ® g is
entire for L9 | T also. Hence from Theorem (I.4) (note that the proof of this
theorem was “infinitesimal” and hence did not depend on the solvability of the
group), f ® g is an L? entire vector for G. Thus G has a dense set of 12 entire
vectors. It is not difficult to show from the Leibniz product theorem for
derivatives that the pointwise product of L? entire vectors is an L' entire vector.
Finally, if U is a unitary representation of G and fis an L' entire vector for G,
then w = [ f(g)U,vdg is an entire vector for all v in the representation space as
follows from the identity

(X = [ (FALX)S)(g)Yvdg

for all X in the Lie algebra of G. We have then shown that every unitary
representation of G has a dense set of entire vectors. Such G can be characterized
simply as the not necessarily solvable class R Lie groups due to the following
lemma.

Lemma. A Lie algebra L is class R iff £ is a semidirect product of a compact
semisimple Lie algebra T and a type R solvable Lie algebra .

Proof. Let G be the c.s.c. Lie group corresponding to £. If £ is such a
semidirect product, from the above we see that every unitary representation of G
must have dense sets of entire vectors. (II.1) then shows that G must be type R.
(Note that the proof of (II.1) nowhere assumed solvability of G.)

Conversely, if £ is type R, let £ = T+ S be the Levi decomposition (T
semisimple and S solvable). Since S is automatically type R, it suffices to show
that 7 is compact. Let B be the Killing form for 7 and let X € J. Since
tr(ad X ad X) = B(X, X)) is the sum of the squares of the eigenvalues of ad X
weighted according to multiplicity, B(X,X) < 0. Thus, since B is nondegenerate,
B is negative definite and 7 is compact. Q.E.D.

Corollary (IL5). Corollary (11.4) is true with “solvable” omitted.
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